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Various Hamiltonian actions of loop groups G and of the algebra diffi of first or- 
der differential operators in one variable are defined on the cotangent bundle T*G. The 
moment maps generating the diffi actions are shown to factorize through those gener- 
ating the loop group actions, thereby defining commuting diagrams of Poisson maps to 
^s ' the duals of the corresponding centrally extended algebras. The maps are then used to 

f^ , derive a number of infinite commuting families of Hamiltonian flows that are nonabelian 

^^ ' generalizations of the dispersive water wave hierarchies. As a further application, sets of 

pairs of generators of the nonabelian mKdV hierarchies are shown to give a commuting 
hierarchy on T*G that contain the WZW system as its first element. 



Oh! 
(D . 
^ , Introduction 

>: 

^ . Integrable 1 + l-dimensional systems have long been recognized as closely con- 

d \ nected with loop algebras (see e.g. [AHP, DS, RS, FNR]). The role played by loop 

groups in the Hamiltonian setting is in a sense more fundamental, but also more subtle 
[DJMK, SW, RS, Wl, W2, H, HKl]. For many integrable systems the under- 
lying phase space may be taken as the cotangent bundle T*LG of a loop group LG. 
However, the symplectic structure is not necessarily the canonical one; it may more 
generally be a member of a 1-parameter family obtained by shifting the canonical form 
by a multiple of the 2— cocycle on the corresponding loop algebra Lq associated to an 
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2 J. HARNAD AND B.A. KUPERSHMIDT 

A(i-invariant metric on g. It is this shift that leads to a phase space structure involving 
the centrally extended loop algebra. Reduction ofT*LG under left or right translations 
leads to the space LG/G = {Maps S^ -^ Gj/jconstant loops} (a coadjoint orbit in the 
dual Lq^* of the centrally extended loop algebra), with the natural symplectic form 
related to the 2-cocycle (cf. [PS, H]). By combining such reductions with the moment 
maps generating the natural action of diff S^ on LG and Lg, one obtains Poisson maps 
relating integrable hierarchies of the KdV and nonabelian mKdV type [Ku2, HKl, 
HK2]. In this context, the moment map provides a nonabelian generalization of the 
well known Miura map. 

In the present work we show, using the moment maps generating certain infinites- 
imal Hamiltonian actions of the algebra diffi of first order differential operators in one 
variable on the nonreduced phase space T*LG, how some new, nonstandard Lax equa- 
tions determining infinite commuting families of fiows are derived. These systems are 
related to the integrable hierarchy of dispersive water wave (DWW) equations [Kul] 
in a way analogous to the relation between the nonabelian modified KdV and KdV 
hierarchies. They will be referred to here as the g-mDWW (g-modified DWW) sys- 
tems. The relevant phase space for the latter is the dual {Lq © Lq)^* of the centrally 
extended direct sum of two copies of the loop algebra Lq. (Alternatively, nonperiodic, 
rapidly decreasing boundary conditions may be allowed, in which case the correspond- 
ing groups and algebras will denoted G and g, respectively.) A second version, involving 
a different Hamiltonian action of diffi on T*LG, leads to systems on the phase space 
(Lg-j-Lg^)* (or (g + g)^*), where the subscript A denotes abelianization, and the sum 
is semi-direct. These will be referred to as the g-m^DWW (second g-modified DWW) 
systems. 

The relevant family of symplectic structures on T*LG (or T*G) is defined in 
Section la. The rest of Section 1 is devoted to a systematic study of the various 
Hamiltonian actions of G on T*G, (fl ©5)^* and (d + dA)^*: as well as the that of the 
group Vi X "Do corresponding to diffi . The associated moment maps are derived and 
shown to form commuting triplets of Poisson maps into (g ©g)^* (or (q + Qa)^*) and 
diff]^^*, where diff^^^ is a member of a 3-parameter family of central extensions of the 
algebra diffi. Using these Poisson maps in a way analogous to the generalized Miura 
map, various integrable systems associated with the dispersive water wave hierarchy 
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are constructed in Section 2. Since the KdV and nonabelian mKdV hierarchies may be 
recovered by restricting every second flow to a certain invariant manifold, the DWW 
and g-mDWW systems may be viewed as generahzations of the KdV and nonabehan 
mKdV systems, which are more usually deflned on the phase spaces (diff S^)^* and 
0^* (or Lg^*), respectively. The Poisson maps constructed in Section 1 are recast in 
Section 2 in the language of differential algebras, Hamiltonian matrices and Hamiltonian 
maps. In addition to the DWW, g-mDWW and g-m^DWW hierarchies, we also obtain 
integrable hierarchies on T*LG via puUbacks under the appropriate Hamiltonian maps. 
As a further application of these results, we show that there exists a natural notion 
of higher WZW systems associated to pairs of KdV systems that are related to the 
separated left and right translational modes of the WZW system. 

1. Hamiltonian Group Actions on T*G 

la. Symplectic Structures on T*G 

Let G be a Lie group with Lie algebra g on which an Ad-invariant scalar product 
-B : X g ^ M is deflned. We denote by G the group of smooth maps g : M —^ G, 
with pointwise multiplication, and by g its Lie algebra, consisting similarly of maps 
X : M ^ g. If the periodicity conditions g{a + 2%) = g{a), X{a + 2iv) = X{a) are 
added, G and g become the loop group LG and loop algebra Lg, respectively. For the 
nonperiodic case we also require g E G, X G g to satisfy L^ boundary conditions such 
that the integral 



{X,Y):= j B{X{a),Y{a))da (1.1) 

X.Yeg 

converge over M, deflning an Ad-invariant scalar product on g, and the same integral 
converge when the pair {X,Y) is replaced by {g'g~^,h'h~^) for any pair of group 
elements g^h E G. For Lq the integral in (1.1) is understood as evaluated over a 
period. 

The scalar product B gives an identiflcation between g and its dual space g*, while 
< , > gives an identiflcation of g as a dense subspace of g*. For our purposes, when 



c : g X g - 


->K 


c(X, Y) : 


= {X, Y') 


Y' : 


dY 
da 
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speaking of g* , we shall really only mean elements in this dense subspace, and hence 
the same notation 

{U,X) ■= I B{U{a),X{a))da (1.2) 

will be used to denote the dual pairing g* x g ^ M. The 2-cocycle 



(1.3) 



is used to define the centrally extended algebra, denoted g^ (or Lg^), identified as the 
space g + M (respectively Lg + M), with Lie brackets: 

[(X,a),(y,6)]:= ([X,y], {XX)) (1.4) 

X, y e g, a,heR . 

The dual space g^* is again identified with g* + M ~ g + R, with dual pairing 

{{U,a),{X,h)):={U,X) + ah (1.5) 

Denoting by ad\ and Ad*g the coadjoint representations of elements X E^^ g E G in 
the algebra and group, respectively, the extended coadjoint representation on g^* is 
given by the formulae: 

adlx,a) (U, b) = {adxU + bX', 0) (1.6a) 

TdliU, b) = {Ad*gU + bg'g-\ b) . (1.6b) 

Although the centrally extended group G^ -^ G with Lie algebra g^ is a nontrivial line 
or circle bundle over G (cf. [PS]), its action on g^* depends only on the projection of 
elements g G G^ to their image g E G, as indicated in (1.6b). 

From (1.4), (1.5), the Lie Poisson bracket on g^* is determined by the formula 

{(.|(X,a)),(.|(y,6))}|(^,e)=(t/,[X,y]) + ec(X,y) (1.7) 
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where ( . \{X,a)) denotes the hnear functional on g^* with value ((t/, e), (X, a)) at 
(t/, e) G 0^*, corresponding to pairing with the element (X, a) G 0^. 

Now consider the cotangent bundle T*G, identified through left translations with 
the product G x g*. Denoting a typical element by the pair [g G G, /U G g*), the 
canonical symplectic form on T*G may be expressed as 

Wo = -5{ii,g~^5g) , (1.8) 

where 5 denotes the functional differential and g~^6g is the left invariant Maurer-Cartan 
form on G. In the following, a more general family of symplectic forms will be needed 
(cf. [H]), defined by the formula: 

Uk := -S{^,g-'6g) + '^{6{g-'g')^g-'Sg) , (1.9) 

where k is a real parameter. Here, g~^g' is viewed as the element of g whose value 
at cr G 5"^ is obtained by left translation of the tangent vector g'{(j) G Tgi^^^G to the 
identity e E G. It is shown in [H] that Uk is closed and weakly nondegenerate. The 
corresponding Poisson brackets are defined by the formulae (cf. FT]): 

{/i,/2} = (1.10a) 

{f,{.\X)}yg^^) = j df{gX)da (1.10b) 

{( . |X), ( . \Y)} |(,,^) = -(// + kg-^g', [X, Y]) + kc{X, Y) , 

(1.10c) 

x.YeQ 

where /, /i, /2 are functional on Gxg* depending only on the first factor g E G, { . \X) 
is the linear form on the second factor corresponding to the algebra element X G and 
the RHS of (1.10b) signifies evaluation of the functional differential 5f on the vector 
gX E TgG obtained by left translation of X G g ~ TeG to g E G (i.e. evaluation of the 
corresponding left invariant vector field on /). The Poisson brackets (l.lOa-c) follow 
from the following formula for the Hamiltonian vector field Xh of an arbitrary smooth 
functional H defined over T*G: 



, 5H 6 ^ 



, -1 / SH 

l^ + kg g ,^- 

O/J, 



, fSH\' dH 6 , . ,^ 
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(so that XH^Uk= 6{H) = {'-^,6g) + {^,S^] 

lb. Hamiltonian G x G Action on T*G 

The canonical hft of the right translation action of G to T*G is given by: 

i?;,-! : {g, fj.) ^ {gh-\ hf,h-') , (1.11) 

where the inverse h~^ is used to make this a left action. This action leaves the sym- 
plectic form Uk invariant for all k. To lift the left translation action so as to preserve 
ujk, it is necessary to modify the usual canonical lift by defining: 

Lh : ((7, IJ^) ^ {hg. IJ + kg-^h-^h'g) . (1.12) 

Substitution in eq. (1.9) shows that this does leave Uk invariant and composing these 
maps shows that (1.12) defines a left action, commuting with the right translation 
action (1.11). The following result summarizes the Hamiltonian properties of these 
actions. 

Proposition 1.1. The R and L actions (1.11), (1.12) are generated in terms of Hamil- 
tonian flows by the moment maps: 

J^ ■ (fi', /") I — ' 91^-9'^ (1.13a) 

Jf : T*G — > 0* 
Jk ■■ (9, ^i)^^-fi + kg-^g', (1.13b) 

respectively. The functions obtained by pairing these maps with elements ofg Poisson 
commute with each other, but the maps are nonequivariant, having as 2—cocycles kc 
and —kc, respectively. Thus, the Hamiltonian generators 

J^:=(J^X), j|:=(jf,X) (1.14) 

satisfy the following Poisson bracket relations: 

{Jk. Jy} = J[x,Y] + kc{X, Y) (1.15a) 

{Jk,J^} = j(k,Y]-kc{X,Y) (1.15b) 

{J|,J^} = 0. (1.15c) 
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Proof. Differentiating the actions (1.11), (1-12) along a 1-parameter subgroup {h{t) ~ 
exp(— tX)}, we find the following representations of in terms of functional vector 
fields on T*G: 

X^ = {gX,j^)-{[X,^lj-) (1.16a) 

Xk = -{Xg, ^) - {kg-'X'g, |-) , (1.16b) 

where the first terms {gX, j-) and {Xg, j-) denote, respectively, the left and right 
invariant vector fields on the first factor G in T*G = G x g*, with value X at the 
identity e E G, and the second terms, of the form {ri{g, /u), — ), denote the vector field 
on the second factor g* having value rj{g,n) G Q* at the point ((/,//). Evaluating the 
inner products with uJk gives 

X^iu;k=S{fi-kg-'g\X) (1.17a) 

X^iujk = -d{gfig-\X) , (1.17b) 

which shows that eqs. (1.13a,b) give the moment maps generating these actions. To 
verify the Poisson bracket relations (1.15a-c), we compute: 



{Jk,J^} = xk{J^)- 


= {gfig-\[X,Y]) + k{X,Y') 


{J«,J^}=X|(J#): 


= {-fi + kg-'g\[X,Y])-k{XX) 


Uk.J^}- 


= xkijP) = o. 



n 

Proposition 1.1 implies that the map 

jLR,T*G^(g®W 
Jt"" : ((7, /«) ^ {9f^9-\ -/" + kg-^g') (1.18) 

to the dual of the direct sum Lie algebra g © g is a nonequivariant moment map 
generating the product of the left (L) and right (R) translations, the nonequivariance 
given by kc^^, where c^^ is the 2-cocycle 

c^^: (0©0) X (0©g) — >R 

c^«((Xi,yi),(X2,y2)):=(Xi,x^)-(yi,y2') . (1.19) 
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The centrally extended algebra (fl ©0)^ associated with this cocycle is identified 
as the space g + g + M, with Lie bracket 

[(Xi,yi,ai),(X2,y2,a2)] = ([Xi,X2],[yi,y2],(Xi,x^)-(yi,y2'))- (i-20) 

Again, (0 © g)^ is identified as a dense subspace of the dual space (0 ©s)^* through 
the pairing 

((t/,y,a),(X,y,6)):=(t/,X) + (y,y)+a6, (1.21) 

(t/,y,a) G (g©0)^*,(X,y,6) G (0©0)^ 

The extended coadjoint representation on (g © 0)^* is given by the formulae 

adlx,Y,b) {U, V, a) = {ad*xU + aX' , ad^yV - oY' , 0) (1.22a) 

^d{£h){U, V, a) = {Ad^U + ag'g-\ Ad^V - ah'h-\a) , (1.22b) 

where again, the centrally extended group (GxG)^ — > GxG acts through the projection 
of any element ((7, h) E (G x G)^ to its image ((7, h) in G x G. 

From Proposition 1.1 we then have : 

Corollary 1.2. The map 

J^^:T*G^(0©0)^* 
Jt"" ■■ i.9. /«) ^ {9^i9~\ -/« + kg-^9\ k) (1.23) 

is an equivariant moment map with respect to the extended coadjoint action (1.22a,h), 
generating the product action L x R of G x G on T*G. 

The Lie Poisson bracket on (0 ©0)^* is determined by: 

{(.|(Xi,yi,6i)),(. \{X2.Y2,b2))}\^U,V,a) 

= {U, [Xi,X2]) + (y, [^1,^2]) + a((Xi,X^) - (^1,^2')) 

(1.24) 

where ( . |(X, Y, b)) again denotes the linear functional on (0©g)^* corresponding to an 
element (X, Y,b) G (0©0)^. The moment map J^^ is thus a Poisson map with respect 
to the Poisson brackets (l.lOa-c) associated to the noncanonical symplectic form cjk- 
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Ic. Hamiltonian Action of G \xqa on T*G 

Viewing g as an additive group, denoted qa, upon which G acts via the adjoint 
representation, we may form the semi-direct product G k^a, with group multiphcation 
defined by 

{G K qa) X {G kqa) ^Gkqa 

{g, X) X (/i, Y) := {gh, X + gYg-^) (1.25) 

g.heG, X,Y e^A- 

The corresponding Lie algebra is the semi-direct sum + 0^, identified as a vector 
space with g + g, with Lie bracket 

[(Xi, yi), (X2, ^2)] := ([Xi, X2I [Xi, Y2] - [X2, ri]) (L26) 

The dual space (g + gA)* is again identified with g + gA, with dual pairing 

((t/, y), (X, Y)) := (y, X) + (t/, y) (L27) 

(t/,y)G(0 + 0A)*, (X,y)Gg + gA. 

(Note the reversal of conventions relative to (1.21).) The coadjoint representation of 
elements (X, Y) G g + Qa, {q^'^) ^ G kqa in the algebra and group is given by 

adl^^y^iU, V) = ([X, t/], [X, y] + [y, t/]) (1.28a) 

Arf^^^y)(t/,y) = {gUg-\gVg-^ + [Y.gUg-^]) . (1.28b) 

The following action of the additive group Qa on T*G is easily verified to leave 
the canonical symplectic form luq invariant 

Ax : (g, ^) ^^{g,fi + (g-^Xg)') (1.29) 

X EQA ■ 

In the remainder of this subsection only the canonical symplectic structure on T*G will 
be used. 
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Lemma 1.3. The g^ - action (1.29) is Hamiltonian, and is generated by the equivari- 
ant moment map J^ : T*G — > q\ defined by the formula 

J^ = g'g-' (1.30) 

(where the dual pairing (1.2) is applied to ^a ~ 0, Syi ~ 0*^ 

Proof. Differentiating (1.29) along a l-parameter subgroup {—tX} with respect to t 
shows that the infinitesimal action is generated by the vector field 

X^ = -{{g-^Xg)\j-). (1.31) 

Taking the inner product with ujq gives 

X^^uo = -{g-^Xg,{g-^dg)') 

= -5{X,g'g-') , (1.32) 

showing that the fiow is generated by the Hamiltonian — J^' where 

J^:=(J^,X). (1.33) 

The equivariance follows from the fact that, for any X^Y G 0a, the functions J^, Jy 
depend only on the first factor g in ((7, /u) G T*G, and hence, by (1.10a) they Poisson 
commute. D 

We may now compose this action with the left translation action (1.12) for /c = 0, 

Lh ■■ {g, /u) I — ^ {hg, (j) , (1.34) 

to obtain an action LA : {G K qa) ^ T*G — > T*G of the semi-direct product group 
G \xqa defined by: 

LA(^h,x) ■■ {9, 11) ^ {hg. fi + {g-^h-^Xhg)'). (1.35) 

It is easily verified that these maps compose correctly to define an action of G k g^ 
on T*G and, by Lemma 1.3 and the fact that the L-action (1.34) is Hamiltonian, the 
combined LA-action (1.35) is Hamiltonian as well. However, the resulting moment map 

j''^:T*G^(g + SA)* 
J^^:((7,^)^(J^((7,^),J''(^,^)) 

= {g'g-\giig-^) (1.36) 

is no longer equivariant, as indicated in the following 
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Proposition 1.4. The moment map J^^ generating the G ix Qj^ action is nonequi- 
variant, having as cocycle: 

c^^:(0 4-gA)x (0 + 0a)^M 

c^^((Xi, yO, (X2, ^2)) := (^1, Y^) - (X2, YD . (1.37) 

Thus, the Hamiltonian generators 

Jtx,Y) ■■= {9^^9~\ X) + {g'g-\ Y) (1.38) 

X G s, Y EQA 

satisfy the following Poisson bracket relations 

{J{Xi,Y^)^ J{X2,Y2)) = J{[Xi,X2UXi,Y2]-[X2,Yi]) + (-^^l^ ^2) " (-^^2, >^i') • (1-39) 

Proof. Eq. (1.39) reduces to the following relations 

{Jk.JY} = J[x,Y] (l-40a) 

{J^,J#} = J[l^j + (X,r) (1.40b) 

{Jt J#} = . (1.40c) 

Eq. (1.40a) is the particular case of eq. (1.15a) with /c = 0, while eq. (1.40c) is implied 
by Lemma 1.3. Eq. (1.40b) is verified directly: 

{Jx, Jy) = -Xy{Jx) 

^{{g-^Yg)\j-){{g^g-\X)) 

= {g'g-\[X,Y]) + {XX): 
where eq. (1.31) was used in the second line. D 

The non-equivariance of the map J^^ : T*G -^ (0 + 0a)* with respect to the 
group action (1.35) may be expressed in finite form as: 

J^^ o LA(;,,x) = Adl^^x) ° J"-^ + C-^ih, X) , (1.41) 
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where the group 1-cocycle C^^ : G x g a ^ (s + Qa)* is defined by the formula: 

C^^(/i, X) := (/i'/i-\ X' - [h'h-\ X]) . (1.42) 

The cocycle relation 

C^^igh, X + gYg-') = Arf^^^^)C^^(/i, Y) + C'^^ig, X) (1.43) 

is verified by applying the A(i*-action (1.28b) to the definition (1.42). 

Using the algebra 2— cocycle c^ given in eq. (1.37), we define the centrally ex- 
tended Lie algebra (g + Qa)^ as the space g + g + M, with Lie bracket 

[(Xi,yi,ai),(X2,y2,a2)] = ([Xi,X2],[Xi,y2]-[^2,yi],(^i,:i"2)-(^2,yi'))- (i-44) 

A dense subspace of the dual (g + gA)^* is again identified with (g + gA)^, with typical 
elements denoted again {U, V, a). The notational conventions are such that the pairing 
of eq. (1.21) is replaced by: 

((t/, y, a), (X, y, 6)) A := {V, X) + (t/, Y) + ah, (1.21a) 

(t/,y,a) e {q®qaT\ {X,Y,h) G (g©gA)^. 

The extended coadjoint representation on (g+gA)^* is then given by the formulae: 

^d\x,Y,a) iU, V, h) = ([X, U] + hX\ [X, V] + [y, U] + hY\ 0) (1.45a) 

A^(^)(t/, y, 6) = ((7t/(7-^ + hg'g-\gVg-^ + [y, (/t/^?"'] + hY' - h[g' g-\ Y],h) . 

(1.45b) 

From Proposition 1.4 then follows 

Corollary 1.5. The map 

J^^:T*(?^(g©gA)^* 
J^^ : ((7,^) ^ {g'g-\giig-\l) (1.46) 

is an equivariant moment map with respect to the extended coadjoint action (1.45a,b), 
generating the action LA : (G k g^) x T*G -^ T*G defined by (1.35). 

The Lie-Poisson bracket on (q ^'qa)^* is determined by the formula: 

{( . |(Xi,yi,6i))A, ( . |(X2,y2,62))A \(U,V,a) 

= (y, [XuX2]) + (t/, [Xi,y2] - [X2,Y^]) + a{{X^X) - {X2X)) ■ 

(1.47) 
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The moment map J^^ is thus a Poisson map with respect to the canonical Poisson 
brackets on T*G given by setting k — Q in eqs. (l.lOa-c). 

Id. Hamiltonian Action of Vi \x Vq 

Let Vi := Diff S^ (resp. Diff R) be the group of diffeomorphisms of S^ (resp. M) 
and Vq := J-'^ (S^) (resp. JF^(R)) the space of smooth non-vanishing functions on 5"^ 
(resp. M), viewed as an abehan group under multiphcation. Using the natural action 
of Vi on "Do 

5:/^/o5-i (1.48) 

we define the semi-direct product Vi x X'o? with group multiplication 

{Vi K Vo) X {Vi X Vo) — > "Di K Do 

(?, /i) X (52, h) ^ (?i o 52, /i /2 o a^^) (1.49) 

ai,a2 e Vi, /i,/2 G "Do • 

The natural action of "Di x "Dq on the space JF of smooth functions on S^ (resp. 

M) is: 

(?,/):^^^ 
(5,/):/i^//io5-i. (1.50) 

The Lie algebra of "Di xDo may be identified with the space diffi of differential operators 
of order < 1, with typical elements a-^ + /3 E diffi denoted by pairs (a, /3) E T ® J^, 
and the Lie product given by commutation: 

[(«!, /?i), (a2, 132)] = (aitta - «2a'i, ai/32 - a2/?i) • (1-51) 

The dual space diff^* is identified with the space T ® T through the dual pairing 

diffi* X diffi -^ M 

((t;,«;),(a,/3)):=(t;«) + («;,/3) (1.52) 

{v,w) e diffi*, (a,/3) G diffi , 
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where the integrals 

{v,a) := / v{a)a{a)da, {w-,13) '■= / w{a)l3{a)da (1.53) 

are taken over the appropriate domain (5"^ or R), and the functions a, (3,u,v E J-' are 
assumed to be integrable as required. 

Let 

: rx X M^ — >G (1.54a) 

$:MX xM^ — >G (1.54b) 

e(a, b) := eo(a)ei(6), $(a, b) := ^o{a)^i{b) (1.54c) 

a,beW 

be a pair of homomorphisms into G from the direct product group R^ x M^ formed 
from two copies of the multiphcative group R^ of non-zero reals. The derivatives 
0*1(1,1) G Hom(R^,g), $*|(i,i) G Hom(M^,0) at the identity element (1,1) may be 
expressed 

Q*\(i,i){x^y) =x9o + y9i, $*|(i,i)(x,y) = X(^o + #i , (1-55) 

where the elements 6*0, 6*1, ^o? '/'i ^ S satisfy 

[^o,^i] = 0, [(Po,(Pi] = 0. (1.56) 

We define a class of right Vi k Vq actions on T*G, parametrized by (/c, G, $): 

{a J) :T*G — >T*G 
(?, /) : {g, /^) I — ' {g, jj) (1.57a) 



where 



g ■■= ei(5')eo(/ oa){go a)$o(/ o ?)-i$i(?')"' (l-57b) 

f, := ?'$i(?')*o(/ oa){po a)Mf ° ?)-'$i(?')"' 
+ ka'if o 5)$i(?')$o(/ o 5)((7 o 5)-^^o(^ o a)Mf ° a)-'$i(a )"' 

"^ (1.57c) 
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Although this action appears comphcated at first sight, it is actually very simple when 
decomposed as a product of the Po-action: 

(1,/) : {g,^i) ^ {eo{f)9Mfr\Mf)^^Mfr' + kf'Mf)9~%9Mfr') (1-58) 

and the Pi-action: 

(a, 1) : {g, jj) — > {g, fi) (1.59a) 

defined by 

g=Q^{a'){goa)^^{a')-^ (1.59b) 

fi =5'$i(5')(^ o 5)$i(?')"' + A;^$i(?')(^ ° ^)~^Oi{g o 5)$i(5')" 



(1.59c) 



The "Do-action (1.58) is just left translation (1.12) by the element Oo(/) £ G 
and right translation (1.11) by the element $o(/) £ G. The Di-action (1.59a-c) is the 
cotangent bundle lift of the natural right action 

a:G — >G 
^■9^ — '9°^: (1-60) 

composed with a "twisting" by the left translation action (1.12) of Gi(a') G G and 
right translation (1.11) by $i(a') G G. It is verified directly that the maps (1.57a-c) do 
indeed compose correctly to define a right "Di x Vq action. Moreover, by considering 
the separate maps that are composed to form (1.57a-c), it is easily verified that this 
action preserves the symplectic form Uk on T*G. The infinitesimal action obtained from 
(1.57a-c) by differentiating the fiow given by the 1— parameter group {exp[—t{a, (3)] C 
r*! K "Do} at t = is represented by the functional vector fields: 

Xfa,p)=K + X'0 (1.61a) 

where 



Xy.= X^o,+X^^o (l-61b) 



generates the T^o-action (1.58), and 



Xl := -{a9\ ^) - ((«//)', A) + X^,,^ + Xf,^^ (1.61c) 



Thus, the map 
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generates the Pi-action (1.59a-c). (In the above, we have chosen signs so that the map 
(a, (3) -^ XV 0^ defines a homomorphism to the Lie algebra of functional vector fields 
on T*G, rather than an anti- homomorphism. This means the fiows generate the left 
action of "Di kDo defined by replacing (a, /) in (1.57a-c) by the inverse (5~^, (/oa)~^)). 
The Hamiltonian properties of this action are summarized in the following: 

Proposition 1.6. The action (1.57a-c) is Hamiltonian, with the 1-parameter sub- 
groups {exp[—t{aj (3)]} generated as the flow of the Hamiltonians: 

J(%: = (J^a'^l) + (J^aVl) 

+ (J^,/30o) + (J'',/3</>o) • (1.62) 

J^ -.T^G — > diff^* 
J^:((7,;U)^(J°,J') (1.63a) 

J« =S( J^, 6*0) + B{J^, (t)o) (1.63b) 

ji=-^(J^^i)-i3(J«',</>i) 

+ ^(^(J^,J^)-^(AJ«)) (1.63c) 

Ik 

is the moment map generating this action. It is nonequivariant, satisfying the Poisson 

bracket relations: 

( J-D jV 1 - 7^ 

+ k[B{6o.6o)-B{cPo.(j)o)m.(32) 

+ k[B{ei, eo) - B{<Pi, M] [K, P'2) - («2, P'l)] 

+ k[B{ei,ei)-B{c/>i,c/>i)]{a[,a'^) . (1.64) 

Proof. Let 

J^=(J^a) = Jg,o) (l-65a) 

J°:=(J°,/?) = J(^,^). (1.65b) 



defined by 
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To show that J° and J^ generate the T>q and Vi actions respectively, we must verify 

Xl\Uk = -Ul (1.66a) 

Xl\Uk = -SJl . (1.66b) 

J^ and J2 may be expressed in terms of the left and right moment maps J^, J^ as: 

Jp = Jk + Jf4>o ■ (l-67b) 

Eq. (1.66b) is immediate from the form (1.61b) of X2 and eqs. (1.17a,b). Similarly, 
using the form (1.61c) of X^, eq (1.66a) reduces to: 

which is verified directly. The Poisson brackets (1.64) are equivalent to the relations: 

Ua^.J^J = J(a,«^-a,a;> +fcWl,^l) -^('/>l,</>l)](a'l,«2) 

(1.68a) 
{Jl J^} = JV + k[B{ei,6o) - B{(Pi, <Po)]{a\ (3') (1.68b) 

{Jl,Jl} = k[B{9o,9o)-B{cl)oAoWi,(32) ■ (1.68c) 

This is verified using the decompositions (1.63b,c) and the Poisson bracket relations 

{J^, (aJ^, J^)} = -2kJ!;:^, (1.69a) 

{j|,(aJ^J«)} = 2fcJi5,, (1.69b) 

{(ai J^, J^), (a2^^, ^^)} = 2/c((ai4 - a2«i) J^, J^) (1.69c) 

{(ai J^, J^), {a2J^, J^)} = -2k{{aia'2 - a2a[)J^, J^) , 

(1.69d) 

which follow from (1.15a,b) and the Leibnitz rule. D 

In the Poisson brackets (1.64) we may identify three 2-cocycles for the algebra 
diffi 

cf : diffi X diffi ^ M, i = 1, 2, 3 

cf((ai,A),(a2,/?2)) := (/3i,/3^) (1.70a) 

c^((ai,A),(a2,/32)) := K, ^'^) - (4,/?;) (1.70b) 

cf'((ai, /3i), (a2, 132)) := (a'l, "2) • (1.70c) 
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Any combination of these may be used to define central extensions of the algebra. In 
particular, define the cocycle: 

c^:=hcf + l2c'^ + hcf, (1.71) 

where 

h:=B{eo,eo)-B{(l)o,(l>o) (1.72a) 

l2:=B{ei,eo)-B{<l)i,<Po) (1.72b) 

ls:^B{ei,ei)-B{<Pi,<Pi) . (1.72c) 

The centrally extended algebra diff^^ U 2 3j ^ggociated with this cocycle is identified 
with the space diffi © M, with Lie brackets 

[(«!, Pi,ai), (a2, /?2, 0^2)] = (aia2 - a2a'i, ai/32 - "2/?^, 

h{Pi,(3'2) + l2{{a[,f3'2)-{a'^,(3[))+ls{a[,a'^)) 

(1.73) 

(q;i,/3i), (q;2,/92) G diffi, ai,a2GlR. 

A dense subspace of the dual space diff^^ ^ ^ ^ ^'^* is as usual identified with diffi © M, 
through the pairing: 

{{v, w, a), (a, 13, h))^ := {v, a) + {w, /3) + ab . (1.74) 

The extended coadjoint representation of diff^^ (. 1 2 3j ^^ diSi I 1 2 aj* ^^ given by the 
formula 

adt^p^i^\{y,w, a) = {2a' v + av' + w(3' — a/2/3" — al^a'" , a'w + aw' + ali(3' + 0/20", 0). 

(1.75) 
It follows from Proposition 1.6 that we may define an extended, equivariant moment 
map from T*G to diff^^ 1 1 2 sj* ^j^g^^ generates the same Vi x Vq action (1.57a-c). 

Corollary 1.7. The map 

J^ : T*G -^ dtff/"^^'^'^'^* ~ dz#i* ©M 
J^:((7,^)^(J^,fc) (1.76) 
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is an equivariant moment map with respect to the extended coadjoint action (1.75), 
generating the Vi x Vq action (1.57a-c). 

The Lie Poisson bracket on diffj^ is determined by the formula: 

{( • |(ai,/?l,^l))l?, ( ■ |(«2,/?2,^2))l?} \{v,w,a) 

= {v,aia2 - a2a'i) + {w,ai/32 - tt2/3i) + ah{l3i,l32) 

+ a/2((a'i,/32) - (a2,/^i)) + «^3(a'i,a2) . (1-77) 

where, as usual, ( . |(a,/3,6))-p denotes the linear functional on diff^^ U 2 sj* aggociated 
by dual pairing to the algebra element (a,/?, 6) G diff^^ {123}^ rpj^^ ^^^^p (1 7g) jg thus 
a Poisson map with respect to the Poisson brackets (l.lOa-c) on T*G associated to the 
symplectic form ujk, and the Lie Poisson brackets (1.77) on diff^^ U 2 sj* 

We mention at this point that for the applications to integrable systems to be 
discussed in section 2, a particular case of the Vi x Vq group action (1.57a-c) will be 
considered; namely, when the elements 6*0, 6*1, (/)o, 4>i ^ Q are of the form 

Oq = -261 = -2(/)i =: 26, (j)o = ■ (1.78a) 

Hence 

l^ = -2/2 = 413(6, 6) =: 41, I3 = , (1.78b) 

and the cocycle c^ takes the form 

c^((ai,/?i),(a2,/?2)) = /(4(/?i,/?^)-2(a;,/3^) + 2(4, /?;)). (1.78c) 

The Poisson brackets (1.77) thus reduce to (cf. eq. (2.36)): 

{( • |("l,/^l,^l))x)' ( • l("2,/32,&2))x) \{v,w,a) 

= {v,aia'2 - a2a[) + {w,ai/3'2 - a2/3'i) + 4a/(/?i,/32)-2a/((ai,/?2) - («25/^i)) • 

(1.79) 

Note that for A; ^ the maps J^ : T*G -^ diff^*, J^ : T*G -^ diffi"^^^'^"^'^* 
defined by eqs. (1.63a-c), (1.76) factor through the map J^^ : T*G -^ (0©fl)* or 
jLR . j'*Q _^ (q®q) *, suggesting that the Vi x Vq group action (1.57a-c) also 
induces a Hamiltonian action on (g © g) . This is in fact the case, and the action is 
easily computed. 
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Proposition 1.8. The moment map J^^ : T*G ^ (0©s) * is equivariant with re- 
spect to the Vi K Vq action (1.57a-c) on T*G and the following action on (fl © fl)^*-' 

(?,/):(t/,y,a)^(f/,y,a) (1.80a) 

where 

U =^'e^{a')eo{f oa){Uo a)eo{f o 5)-^ei(5')"' + a(/ ° ^yOo + a^Oi 



^ (1.80b) 



a" 



V =a'^,ia')Mf oa)iVo a)Mf ° 5)-'$i(?')" " «(/ ° ?)Vo - a— (Pi 



a' 



(1.80c) 



Proof. This is verified by directly substituting the RHS of eqs. (1.57b,c) into the defi- 
nitions (1.13a,b) of J^ and J^. D 

The Hamiltonian properties of this action are summarized in the following. 

Theorem 1.9. For k ^ 0, the moment map J^ factors into: 

J^ = J^ o J^-R (1.81) 

where the map J'^ : (0 ©0)^* — ^ diff^ ^ ^ ^ , defined by the formulae 

jd(U, V, a) = (J^\ J^°, a) (1.82a) 

J''\U, V, a) := -B{U\ ei) - B{V\ <Pi) + ^{B{U, U) - B{V, V)) 

^^ (1.82b) 

J''\U, V, a) := B{U, Oo) + B{V, ^ (1.82c) 

(for a ^ Q) is a Poisson map with respect to the Lie Poisson brackets (1.24) C'^'^d (1.77) 
on (0 © 0)^* and diff^ U 2 3j*_ j.^^ Hamiltonian flow generated by 

generates the action (1.80a-c) for the 1-parameter subgroup {exp[—t{a, (3,a)]}. Thus, 
we have the following commuting diagram of equivariant moment maps: 

T*G — ^^^ diff^""^^'^'^'^* 

jLR\ /jd 

(0©0)^* 
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Proof. The factorization property (1.81) is seen directly from eqs. (1.63b,c). The fact 
that the map J'^ is Poisson with respect to the Lie Poisson structures on (gSg)^*-^^^^^^-** 
and diff^^* is proved by the identical computation used in proving Proposition 1.6. The 
vector fields generating the 1— parameter subgroups acting through (1.80a-c) are easily 
computed to be: 

Xf = - {a'U + a'[ei,U] + aU' + aa"6'i, — ) 

oil 

- {a'V + a'[(t)i,V] + aV - aa'Vi, ttt) (1.83a) 

oV 



for the Pi-action, and 



5 



Xf = -{m. U] + a/3'^o, ^) - mo. V] - a(3'<Po. ^) (1.83b) 

for the Po-action. Using the definition (1.24) of the Lie Poisson bracket on (g © fl)^*, 
together with the Leibnitz rule, we find: 

Xf((. |(X,y,6))) = {J(%,0),(- l(^,^,^))} (l-84a) 



Xf{{ . |(X,y,6))) = {4.0), ( . \{X,Y,b))} , (1.84b) 



and hence j'^ is the moment map generating the action (1.80a-c) through Hamiltonian 

fiows. n 

Note that the moment map J^ = (J'^, J^) defined in eqs. (1.63a-c) may be ex- 
pressed in a form that is equally valid whether k vanishes or not: 

J° =B{giig-\ Oo) + B{-ii + kg-^g', (/>o) (1.85a) 

Ji = - B{{g^ig-^)\ e,) - B{-fi' + k{g-'g')\ (/>i) 

+ Bigfig-\ g'g-') + ^B{g' g-\ g' g-^) . (1.85b) 

However, for /c = 0, these maps do not factor through J^^ : T*G ^ (^©g)^*. In 
the next subsection, two twisted "Di k "Dq actions that are Hamiltonian on T*G will be 
considered, whose moment maps, while not factoring through J^^, do instead factor 
through the moment map J^"^ : T*G -^ (fl ©0/i)^* of Corollary 1.5. The first is just a 
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special case of the above, with the homomorphism $:]R^ xM^ -^ G chosen as trivial, 
while the second is a new form of "twisted" Vi x "Do-action. 

le. Canonical Symplectic Structure: Factorization Through J^^ : T*G -^ (q+Qa)^* 

First, consider the k = case of the Vi k Vq action (1.57a-c), with $ trivial; i.e. 
</'o = <?^i = 0. From eq. (1.85a-b), we see that the moment map J^ = (J'^, J^) may be 
expressed as 

J^ = B{J^,9o) (1.86a) 

ji = -B{J^\9i) + B{J^, J^) , (1.86b) 

and thus factors through J^^ : T*G -^ (0©0a)^*- The corresponding induced action 
on (g © ^a)^* is easily computed to be: 

(5,/):(t/,y,a)^(t/,y,a) (1.89a) 

where 

tj ■=a'ei{a')eo{f o ^){U o 5)eo(/ o a)-^ei{a')-^ (1.89b) 

V ■.=a'Qi{a')Qo{f oa){Vo a)Qo{f o a)-^Oi{a')-' 

+ a{^oa)eo + ^ei. (1.89c) 

The vector field generating the action of the 1-parameter subgroup {exp[—t{a, (3)]} is: 

X(t>=Xf^+Xf^ (1.90a) 

where 

X^°- := -(/3[^o, n^)- (/3[^o, U] + /3'^o, ^) (1.90b) 

X^'- := -{{aVy + a'[e^, V], ^) - {{aU)' + a'[e^, U] + a%, -^) . 

^^ ^^ (1.90c) 

The action (1.89a-c) is again Hamiltonian, and generated by the moment map 

^''-(0 + SA)^*^diffi* 

J'^'^ : (t/,y,a) -^ (J^°% J^i-) , (1.91a) 
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where 

J'^^- ■=-B{V,eo) (1.91b) 

a 

jdU .- --B{V', 9i) + -B{U, V) . (1.91c) 

a a 

In this case, both the maps J^ : T*G -^ diff^* and J'^'' : {g + 0^)^* -^ diff^* are 
equivariant, satisfying: 

These are therefore Poisson maps with respect to the Lie Poisson structure on diff^^* 
without central extension. Summarizing, we have: 

Proposition 1.10. For k = 0, the moment map J^ factors into: 

J^ = Jd. o J^^ . (1.94) 

We thus have the commuting diagram of equivariant moment maps: 

T*G — ^^ dtff^* 

tLA\, / jd„. 



J 

{q + qaT* 

where J^ generates the Vi k Vq action (1.57a-c), with k = 0, (po = (j)i = 0, and J'^^ 
generates the action (1.89a-c). 

Another "twisted" action of "Di k'Dqj or rather of the subgroup T>i ^T>q C T>i kVq 
consisting of {(a, /), / > 0}, may be defined on T*G, one which is no nequi variant, but 
still factors through J^^ : T*G -^ (g + Qa)^*- Let 6 = (Gq, Qi) : M^ x M>< ^ G again 
be a homomorphism, with derivative at the identity (1, 1) identified, as in eq. (1.55), 
with a pair ^o^^i G g of commuting elements of g. Define a right action Vi k Vq : 
T*G -^ T*G by: 

(?, /) : ((7, IJ) -^ (ei(5')(^ ° 5^), 2^'(/« ° ^) + Mf ° 5)(^ ° 5)"'eo((7 o a)]') . (1.95) 
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It is easily verified that this does compose correctly to define a right action of Vi k Vq^ 
and that this action leaves invariant the canonical symplectic form cjq on T*G. The 
infinitesimal action obtained by differentiating the fiow of {exp[—t{a,P)]} given by 
(1.95) is represented by the vector field 

Xfj:^) ■■= Xi- + X'p^ ^ (1.96a) 

where 

XO- := X^,^ (1.96b) 

generates the Vq action, and 

Xl- := -{ag\ A) _ ((«^)', i_) + x^,,^ (1.96c) 

generates the "Di-action. Thus 

X^^ : diffi — > x{T*G) 
X^-:{a,[5)^X^^-p^ (1.97) 

defines a homomorphism to the Lie algebra x(T*G) of functional derivations (vector 
fields) on T*G. The Hamiltonian properties of this action are given in the following 

Proposition 1.11. For k = 0, the Vi k V^ -action (1.95) is Hamiltonian, and gener- 
ated by the moment map 

J^^:((7,;u)^(J'^J°^) , (1.98a) 

where 

J^^=B{J^,9o) (1.98b) 

ji^ = -B{J^\ei) + B{J^, J^) . (1.98c) 

This map is nonequivariant, satisfying the Poisson bracket relations: 

{•^£a)"^£,/3.)} = '^Sta-a.«;,a,/3-a./3() +^(^0,^l)[(«'l,/3^) " («^, /^i)] , (1-99) 
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where 

•^K/3) ■■= (J^"^ («"3)) = (J'"^^) + (J'"^f^) ■ (1-100) 

Proof. The equalities 

X'^- 1 uo = - 5{J^J (1.101a) 

Xi- J c^o = -S{Jt,eJ - Hc^J"-. J^) , (1-lOlb) 

which imply the formulae (1.98b,c) for the moment map J^^ are directly verified 
from the definitions (1.96a,b), (1.8), (1.13a) and (1.30) of X°^, X^^, o^o, J^ and J^, 
respectively. The Poisson brackets (1.99) are equivalent to the relations: 

= J^p,s,+B{eo,e^){a',P') (1.102b) 

= {jU,Jie,} (1-102C) 

= 0, 

J^-:=(ji-,a), 4-:=(jO- ,/3). (1.103) 



where 



'/3 

^/3 



These may be verified either directly from the definitions (1.96b,c), (1.98a,b) of X^-^ 
X\^, J^^ and J^-^, or with the help of the Poisson bracket relations: 

{J^',9,, («2 J^ J^)} = -J^'^^.s, (l-104a) 

{(ai J^, J^), (a2J^, J^)} = ((aia2 - «2«i) J^, J^) , 

(1.104b) 

which follow from eqs. (1.40a-c), together with the Leibnitz rule. D 
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Since the cocycle cf (eq. (1.70b)) enters in (1.99) we proceed, as usual, defining 
the central extension diff^^ as in eq. (1.73), with 

h^h^ 0, h = B{9i, 9o) =: -/ , (1.105) 

which gives the extended coadjoint representation 

^'^(a,/3,&)('^' ty, a) = {v'a + 2va' + w[3' + a//3", {wa)' — ala" , 0) . (1.106) 

We then have 

Corollary 1.12. The extended moment map 

J^^:((7,;u)^(J^^l) , (1.107) 

which also generates the Vi k Vq -action (1.95), is equivariant with respect to the 
extended coadjoint action (1.106). It is thus a Poisson map with respect to the Lie 
Poisson structure determined by the Poisson brackets 

{{ ■ |(ai,/3i,&i))x), ( • |(a2,/32,&2))D}|(«,™,a) ={v,aia'2 - a2a\) + {w,ail32 - a2l3[) 

-al{{a[,/32) - {a2, /3[)) . 

(1.108) 

Prom formulae (1.98b,c), we see that the moment map J^^ : T*G ^ diff^^ 
factors through J^^ : T*G -^ (q + Qa)^*i suggesting again that the Vi x Pp'-action 
(1.95) induces a Hamiltonian action on (b + Sa)^*- This is easily computed, and the 
result is summarized as follows. (Eqs. (1.110b,c) for the case 9o — —Q\ — 9 will reappear 
as eqs. (2.42a,b) in Section 2.) 

Proposition 1.13. The moment map J^^ : T*G ^ (0 + 0a)^* is equivariant with 
respect to the Vi k Vq action (1.95) on T*G and the following action on (g -j- Qa)^* ■' 

(5,/):(0 + 0a)^*^(0 + 0a)^* 

(?,/):(t/,y,a)^(t/,y,a) , (1.109a) 
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where 

U = aei{a'){U o a)ei{a')-^ + ^Oi (1.109b) 

V - a'Qiia') [{Voa + ln{f o ?)[^o, V o 5]] ei(?')"' + ^{°~ ^o 

/OCT 



(1.109c) 

This action is Hamiltonian, and generated by the equivariant moment map 

J'^:(0 + 0a)^*^«^^°'-''°^* 

J'^^ : {U, V, a) I — > {J'^^^, J^°^, 1) , (1.110a) 



where 

J^°^ :=i3(t/,6'o) (1.110b) 

J""^^ :=-[-B{V\9i)+B{U,V)] . (1.110c) 

a 

This is therefore a Poisson map with respect to the Lie Poisson structure determined 
by the Poisson brackets (1.108). 

Proof. Differentiating along the flow generated by the action (1.109a-c) corresponding 
to the 1-parameter group {exp[— t(Q;, /3)]} gives the representation 

^'":diffi^x((0 + 0A)^*) 
X''- : (a, /?) ^ X J^^^) := Xf ^ + X^'^ (1.111a) 

of diffi by functional derivations (vector fields) on (g -j- Qa)^* defined by: 

X^o- := -meo, U] + P'eo), ^) (1.111b) 

Xf - := -{{aVy + a'[e^, V],^)- {{aU)' + a'[e^, U] + a"e,, -^) . 

^^ ^^ (1.111c) 

By explicit evaluation, and use of the Poisson bracket relations (1.40a-c) and the Leib- 
nitz rule, we find 

{Jf\{. \{X,YM)] = Xf-{{ . \{X,Y,b))) (1.112a) 

{J^'-,{ . \{X,Y,b))} = Xi'-{{ . \{X,Y,b))) (1.112b) 

{<",<""} = <""(<") = (1-112C ) 

(1.112d) 
{J'^I^.J^I^} = X'^I^J'^I^) = JtU-o^.o.',) ' (l-112e) 
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showing both that J'^^ = (J^^-^, J'^*^"^, 1) is the moment map generating the action 
(1.109a-c), and that it is equivariant, hence preserving the respective Lie Poisson struc- 
tures on (0 + 0^)"^* and diff^''^""^'"^* defined by eqs. (1.39) and (1.108). D 

For the apphcations to integrable systems to be discussed in Section 2, a particular 
case of the Vi kDJ" action (1.109a-c) and moment map (l.llOa-c) wiU be used; namely, 
when 

^0 = -0^ =: e , (1.113a) 

and hence 

B{9,9) = 1. (1.113b) 

Finally, combining the results of Propositions 1.11 and 1.13 and Corollary 1.12, 
we get: 

Theorem 1.14. For k = 0, the moment map J^^ : T*G -^ diff^ factors into 

jVa ^ jdA o jLA^ (1.114) 

giving the following commuting diagram of equivariant moment maps: 

jLA\ / jd 



(0 + 0A 



,A* 



2. Integrable Systems 

2a. Algebraic Language 

The preceding section emphasized the symplectic geometry of T*G and Lie Poisson 
structures. In modern theories of integrable systems in 1 + 1 dimensions, one often 
deals with local evolution equations, for which the language of differential algebra is 
the most efficient. On a practical level, the translation from functional to algebraic 
language consists of replacing: 
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1) Functionals by their densities, and integration by parts by equivalence modulo "di- 
vergences" for these densities. (The algebraic calculus of variation results thereby.) 

2) Symplectic forms and Poisson brackets by a Hamiltonian map H h^ Xh assigning 
to any Hamiltonian density H the evolution derivation Xh via the rule 

{q,t=)XH{q)=B(^-^^ , (2.1) 

where g is a column-vector of the basic variables ( "fields" ) chosen in a fixed basis, 
with i^^ component Qi; -r^ is the column-vector of variational derivatives of H, 
and S is a skew symmetric matrix differential operator whose properties guarantee 
the Jacobi identity. 

In the loop space setting, the most frequently met structure consists of Lie Poisson 
brackets associated with centrally extended Lie algebras. This is translated into the 
following algebraic construction. Denote hj K a, differential algebra with derivation 
d. (In Section 1, these were K = C°°(M) or C°^{S^) and d = d/da.) Let g = K^, 
nG NU{oo}, be a differential Lie algebra consisting of column vectors of dimension n 
with entries in K. The commutator in Q is of the form: 

[X,Y]t = J2c■Jpr^''{X^)^'^{Y,) (finite sum V k) , (2.2) 

ijpr 

x,Yeg , 

where c^jp^ G K are structure elements defining Q and Xi E K denotes the i^^ com- 
ponent of X G K^. Let O be a (generalized) 2-cocycle on Q. This means that 
0:^x^^i^isa bilinear skewsymmetric differential operator satisfying 

o([x,y],z) + o([y,z],x) + o([z,x],y)~o (2.3a) 

n{X,Y)^ -n{Y,X) , (2.3b) 

V X, y, z G ^ , 

where (■) ~ means that (■) G Im9. In the loop algebra setting, one associates with 
this data the centrally extended algebra Q^ = Q (BM., with Lie bracket 

[{X,a),{Y,b)] = {[X,Y]J n{X,Y)da), X,Y e G, a.beR. (2.4) 
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In the algebraic approach, one associates to the pair {Q, O) an affine Hamiltonian matrix 
(of differential operators) 

B = B{g)+ha. (2.5) 

where the linear part B{Q) (in the basic variables q) of the Hamiltonian matrix B is 
defined by the relation 

n 

[B{g){X)]'Y ~ q'[X,Y] := 5^g,[X,y],, M X.YeG . (2.6a) 

A g-independent matrix differential operator hu is associated to the bilinear form Q 
via the rule 

[hn{X)]'Y ^^{X,Y), yX.Yeg. (2.6b) 

One of the basic features of the algebraic Hamiltonian formalism is that there 
is a natural one-to-one correspondence, given by the formulae (2.6a,b), between pairs 
{Q, O) and affine Hamiltonian matrices. (The latter encompass more general situations 
than the geometric ones, where the Hamiltonian operators are of order zero in d. For 
example. Lie algebras of differential and pseudodifferential operators have no natural 
local description as the infinitesimal form of groups.) The geometric Lie Poisson brack- 
ets of the previous section, which express the multiplication rule (2.4) in the language 
of linear functionals can be extracted from formula (2.5) via the following computation. 
Let X,Y e G, and let H = q^X, F = q^Y be linear Hamiltonians. Then 

= Y'[B{g) + bn]{X)~q'[X,Y]-l-n(X.Y) . (2,7) 

Remark 2.1. The recipe (2.5), (2.6a,b) handles situations, like that of formula (2.4), 
where the centrally extended Lie algebra in question has components of different differ- 
ential dimension; X and Y are functions, a and h are numbers. When ^ is a Lie algebra 
over R (or C, etc.) rather than over K, and O is a true 2— cocycle, not a generalized 
one (i.e. one has an equality sign instead of the ~ sign in formulae (2.2), (2.3)), then 
G^ ~ ^ © M is again a Lie algebra over R. Treating it as a new Lie algebra, we get 
from formulae (2.6a,b) that 

q a 



^tg^\ ^ Q I B{G) + abn 



a 



0* 



° ' (2.8)) 
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where a is the extra coordinate on the M-part of Q 



a = const. 



A* 



Thus, we can let 



(2.9) 



in formula (2.8) and what remains from B{Q^) is our universal formula (2.5) (for a = 1). 

Let us consider, as an illustration, the case of the Lie algebra g (or Lq) of the 
previous section. Fix a basis in g. Then g = K^, where n = dimg. Let the Ad-invariant 
form i3 on g be given, in the chosen basis, by a symmetric matrix B: 



B{x,y) =y^Bx, x.yEg, 



and let c^, be the structure constants of g in the same basis: 



«j 



[x,y]k = X^c: 



k 
ij^jUi- 



jk 



Then, for both g (over R) and g (over K) 



Also, since 



we see that 



so that, finally, 



B{g),j=B{g),j = J2c^jqk- 

kj 



0(X, Y) = B{d{X),Y) = Y^Bd{X), 
bn = Bd, 



If an orthonormal basis for g is chosen (with respect to B) , we have 



R — ^ ■ r^ — r^ 



SO that the equations of motion for a Hamiltonian H are 



f6H\ 



^^ = E^-^5^J 



>^ ^ SH [5H\' 



5H 

1^ 



+ 






(2.10) 



(2.11) 



(2.12) 

(2.13) 
(2.14) 
(2.15) 

(2.16) 



(2.17a) 
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i.e. 

g=(-[g, ] + ^l)(^)- (2-17b) 

In other words, 

B = -[q, ]+dl. (2.18) 

If the chosen basis of g is not orthonormal, then one has the famihar form 

B{-) = -adl.-^q + Bd . (2.19) 

FinaUy, we discuss Hamiltonian maps. Suppose S is a Hamiltonian matrix over 
the ring Cq = K[q, g', . . .], and let Bi be a Hamiltonian matrix over another ring Cu- 
A homomorphism of differential rings (over K) 

^-.Cu^Cq (2.20) 

which commutes with d is called a Hamiltonian map if 

$Xh = X$(h)$, ^HeCu. (2.21) 

(This map should be viewed as dual to a Poisson map on the fields q ^-^ u which was 
the object of study throughout Section 1.) In terms of the Hamiltonian matrices B 
and Bi, the compatibility condition (2.21) is expressed by the equality 

$(Si) = D{^)BD{^)\ (2.22) 

where: 

$:=$(«), $„ = $(zi„) , (2.23) 

D{^) is the Frechet derivative of $: 

^(^)«^ = E f%^' ' (2-24) 

and '^^' denotes adjoint. 

As an example, 

2Bi = 2{ud + du) - W^ (2.25) 
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defines the differential algebraic version of the Virasoro algebra, denoted here Cu (equiv. 
(diff S^)'^) associated with the generalized 2— cocycle 

/ 
n{ai,a2) = -aid^{a2) (2.26) 

on the Lie algebra of vector fields on M (or 5"^). 

Consider the ring homomorphism generated by 

$(w)=^V + 9*g (2.27) 

from Cu into Cg, where ^ is a fixed (constant) vector in g, with the Hamiltonian matrix 
B in the ring Cq given by formula (2.18). Then $ is a Hamiltonian map, since 

D{^)BD{^y = {e'd + 2g*)([-g, ] + dl){-ed + 2q) 

= -e^ed^ + 2d'^e*q - 2q^ed'^ + Aq^dq 

= -e^Od^ + 2{e^q'd + de^q') + 2{q^qd + dq^q) 

= ^{-e^dd^ + 2ud + 2du) = $(2Si) , (2.28) 

provided 

i = e^e . (2.29) 

Thus, the criterion (2.22) is satisfied. (The geometrical significance of the Hamiltonian 
map (2.27) in the loop group setting is explained in HKl].) 

Remark 2.2. To make contact with the notation of the previous section, we adopt the 
convention that boldface letters denote column vectors representing the components of 
elements either of g relative to some basis, or of g* relative to the dual basis, or elements 
of the corresponding loop algebra q or its dual g*. Thus, the elements 9, (j) E g are 
replaced by the column vectors 9, <f> E M^^™^ , while the elements t/, V E^* are replaced 
by the column vectors U, V G i^^i^s. 

2b. Dispersive Wave Systems 

In Section 1 we derived two families of Poisson maps: 

J'^ : (0©0)^* -^ ^:^Q^/^ihi2iB> ^ (2.30) 
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defined by eqs. (1.82a-c) and 



J"": (0 + 0^; 



A* 



diffl 



A{0,-l,0)i 



(2.31) 



defined by eqs. (1.91a-c). In the following, we shall consider two special cases of these 
maps; for the map (2.30), we take the values for 6*0, 6*1, (/)o, (/>i in eqs. (1.82a-c) as 
given by eqs. (1.78a,b), for which (hhh) = (4/, — 2/,0), and denote the corresponding 
centrally extended algebra diff^^QN := diff^^ for brevity. For the map (2.31), 

we choose the values for 6*0, 6*1 in eq. (1.91a-c) as given by eqs. (1.113a) and denote 
the centrally extended algebra diffj^'j^QN := diff^^ . Thus, the subscript (a) — 

(1), (0) distinguishes two different central extensions of the Lie algebra diffi. We first 
convert these maps, according to the lexicon of the preceding subsection, into algebraic 
Hamiltonian maps and then derive integrable hierarchies on (0©0)^* and (s + fl/i)^* 
from known integrable hierarchies on diff^^^^. 

When (a) = (1), we have the Lie algebra 0©0 where, choosing normalizations to 
correspond to the fiuid dynamical conventions in [Kul], the commutator is 





X^,Y, EQ 



(2.32a) 



and the 2— cocycle is 



n(l,2) 



O 



^1 



Yi 



Xo 



Yo 



2X\X'^ - ^YlY^ 



(2.32b) 



Thus, we are working with the centrally extended algebra (fl © 0)^, with Lie bracket 
(1.20), under the identifications {\X,Y) = {X,Y) and the 2-cocycle O of eq. (2.32b) 
is normalized to half c^^ of eq. (1.19). To simplify calculations, we choose from now 
on an orthonormal basis in g. Denoting the generic basic variable g by U and V 
(corresponding to 2U and V in (1.21)), the Hamiltonian matrix (2.5) encoding the 
data (2.32a,b) is 



5(1) = 



-2[U, ]+2ai 











-[V, 



(2.33) 



,dl 
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This Hamiltonian matrix is thus the algebraic version of the Lie Poisson bracket (1.24) 



at a 



2- 



For the Lie algebra diffi, we have the commutator 



ai/92 - Oi2l3'i 



aia'2 — Ol'yOL2 




/3i,ai G K 



and the 2-cocycle 



0(i)(l,2)=/(2/3i/3^ + ai/3^'-/3i< 



(2.34) 



(2.35) 



corresponding to the central extension diff^^QN (cf. eq. (1.78c)). Denoting the generic 
basic variable q as h := v and u := w (the standard notation from fluid dynamics), the 
corresponding Hamiltonian matrix is 



5(1) 



2ld du - Id^ 

ud + W^ hd + dh 



(2.36) 



This gives the algebraic counterpart of the Lie Poisson bracket (1.79) (at a 
For diffj^^QN, we have another 2-cocycle on the Lie algebra diffi: 



O(0)(l,2) = /(ai/3^'-Aa'2') . 



(2.37) 



B 



(0) 



The corresponding Hamiltonian matrix on diff j^v'q*) is 

du- Id^ 

ud + W^ hd + dh 
which is the counterpart of the Lie Poisson bracket (1.108) at a = 1. 
For the Lie algebra q -J-Ja, we have the commutator (cf. (1.26)) 



(2.38) 



and the 2— cocycle (cf. (1.37)) 



[Xi,y2]-[X2,yij 
[^1,^2] 



X^,Y, eg 



(2.39) 



'tv/ 



n{l,2) = YlX^ + XlY^ 



(2.40) 
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SO that the corresponding Hamiltonian matrix, in the variables q — (U, V) (which 
correspond in this case to the pair {U, V) in (1.27)), is 

/ -[u, ] + di\ 

B(o) =\ , (2.41) 

v-[u, ]+di -[V, ] ; 

which is the algebraic counterpart of the Lie Poisson bracket (1.47) at a = 1. 

Prom Theorem 1.9 of the preceding section, with (po = 0, 9o = —2(f)i = —29i = 29, 
a = |, and 9 replaced by the corresponding column vector 0, we have 

Proposition 2.1. The map $(i) : Cu,h -^ C'^ v 9'^ven on the generators u and h by 
the formulae 

$(i)(w)=^*U (2.42a) 

$(i)(/i) = 6\hj' + V)' + iu*U - V*V , (2.42b) 

is a Hamiltonian map with respect to the Hamiltonian matrices i?(i) (2.36) and i?(i) 
(2.33), with I :=e^e. 

Prom Proposition 1.13 of the preceding section, with 9 = 9q = —9i, we have 

Proposition 2.2. The map $(o) • Cu,h -^ C'u.V; defined by the formulae 

$(o)(w)=^*U (2.43a) 

$(0) (h) = dW' + U*V , (2.43b) 

is a Hamiltonian map with respect to the Hamiltonian matrices i?(o) (2.37) and i?(o) 
(2.41), again with I :— 6 6 . 

These results may also be verified directly, of course, by a computation similar to 
(2.28). Until the end of this section, 6 will be taken to have unit length: 

l = e^e = l . (2.44) 

In the Hamiltonian structure i?(i) (2.36), the following sequence of Hamiltonians 

Hi = /i, H2=uh, ... (2.45a) 

Hr, :^ - Res (d + u + hd-^)'' , nGN, (2.45b) 

n 
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where 



Res{S2a^^'^^.= a-l , (2.46) 

is known to form a commuting family [Kul] . The first flow, with H = h, produces the 
a-shift (i.e. q = q' , whatever q is), while the flow of the Hamiltonian 



H 



\h2 = \uh 



produces the equations of dispersive water waves (DWW) 

u={-u +h- -u) 

h= {uh+l-h'y . 



(2.47) 

(2.48a) 
(2.48b) 



When Q is one-dimensional, the Hamiltonian map $(i) produces an infinite commut- 
ing hierarchy of Hamiltonians $(i)(if„), called the modified dispersive water wave 
(mDWW) hierarchy (in the variables U^V + ^U). For g arbitrary, we again obtain 
an infinite commuting hierarchy, this time with respect to the Hamiltonian structure 
(2.33). The first flow, with Hamiltonian 

1. 



$(i)(/i) ~ -U*U-V V 



(2.49) 



is just the cr-shift, as was to be expected. 



Let us compute the equations of motion for the next flow, which we denote q- 
mDWW (g-modified dispersive water waves). We have, for any H G Cu,h- 



5V 
5 



($(i)(i?))=I)($(i))t$(i 



du 
6 



(H) 



(2.50) 



where 



$(1 



■$(i)(w)' 



(1) 



,*(i)W 
(which is the same as formula (2.42)). Hence 



^*U 



d'fiu' + v') + iu*u-vV 



(2.51) 



L>($ 



(1)^ 



-i^a + iu' 



-68 - 2V 



(2.52) 
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Denoting, for brevity, 

^I:-$(i)(ti) , /i:-$(i)(/i) , (2.53) 

we then get, for H = uh/2: 

^*a.m_^lft lfiA,+ lfiU, (2,64a) 



5U V2 4 J 4 

'-^m2^ = -'-u'e-uV. (2.54b) 

Applying the Hamiltonian matrix B(^i\ (2.33) to the vector (2.54a,b), we obtain the 
g-mDWW equations of motion: 



v={^h-lu'][e,u] + 



Ch-lu')e + luv 



(2.55a) 



V=h'[V,e]+fh'e+hv] . (2.55b) 



Similarly, in the Hamiltonian structure i?(o) (2-38), the following sequence of 
Hamiltonians 

Hi = 2/i, n2 = ^{uh + h^),... (2.56) 

is known to form an infinite commuting family [Kul] . The first flow, with Hamiltonian 
^Tii = /i, is the a— shift; the second flow, with Hamiltonian 7^2 = {uh + h?)/2, gives 

u=( u^ ^uh- -u' -h'\ (2.57a) 

h=(uh+ -h^ + -h'j . (2.57b) 

which are the first mDWW equations (in the variables {u + 2h; h)). (The reader may 
check that in these variables one obtains the same system as the {g = Mj-case of the 
system (2.54a, b) in the variables (U; V+|U)). The Hamiltonian map $(o) produces an 
infinite hierarchy of Hamiltonians $(o)(?in) commuting in the Hamiltonian structure 
5(0) (2.41). For the case g = M, this hierarchy is known as the (doubly modified) 
m^DWW hierarchy. Supppose now that g is arbitrary. The Hamiltonian 

*(0)(^^i) = $(0)(/i)~U*V (2.58) 
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produces the a-shift, as expected. To compute the first nontrivial fiow, with Hamilton- 
ian 



$(0)(7^2)=$0[^(tx/i + /l2)] 



we have: 



$ 



(0) 



*(o)(w) 

*(0)(/i) 



u 



h 



(which is the same as (2.43a,b)) so that 



e' 





u* + e'd 



Hence, for any H G Cu,h^ 
d/d\]\ 

d/dvj \o v-ed 

and for the case H = I-L2 = {uh + /i^)/2, we get 



e'\j 



d V 
v-ed 



(2.59) 



(2.60) 



(2.61) 



/6H/6u 



$ 



(0) 






5H/5h 



(2.62) 




/ ^he+Uu + hW \ 



yl^^U + hyj- (^^U + hye 



(2.63) 



Applying the Hamiltonian matrix S^q) (2-41) to the vector (2.63), we get the first 
nontrivial fiow in the g-m^DWW hierarchy: 



V= [-u + h] [v,e] + 



^u + hjij-(^u + h]e 



(2.64a) 



v = h[e,v] + f^u + h] [v,^] + 



he+(^u + h]v 



(2.64b) 

Remark 2.3. There also exists a family of rational Hamiltonian maps (as opposed to 
the polynomial ones we have been dealing with so far) from (0 © 0a) ^* into diff-^j^ 1, 
$[7] : Cu,h -^ C'u.v, of the form 

N 

$[^] [u) = 7*U - e J] [ln(U + V)*r] ' (2.65a) 



s=l 



1 



$[^](/i) = -(U*U-V*V) 



(2.65b) 
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where 9 , ... ,9 is a family of pairwise commuting constant elements in g, 7 is another 
constant element in g, 7 := 7*7, and 

91 ° \ 

B = \ (2.66a) 

-4[V, ]-2dlJ 

27*79 du — d'^\ 

S[^] =1 . (2.66b) 

ud + d'^ hd + dh J 

In particular, when 7*7 = 1, the Hamiltonian matrix Sjij of eq. (2.66b) is the same as 
i?(i)in (2.36). Therefore, the set of Hamiltonians {$[i](ifn)} forms a new g-mDWW 
infinite commuting hierarchy. Similarily, when 7*7 = 0, the Hamiltonian matrix B[q] 
of (2.66b) is the same as the Hamiltonian matrix i?(o) i^i (2.38). Hence, the set of 
Hamiltonians {$[o](7in)} forms a new g-m^DWW infinite commuting hierarchy. The 
geometric nature of the map $[^] defined by eqs. (2.65a,b) is as yet a mystery. 



2c. Specializations 

The hierarchy of DWW equations 

5Hm/Su\ 

(2.67) 




has, for every odd flow m = l(mod 2), the invariant submanifold defined by w = 0, on 
which this hierarchy reduces to the KdV hierarchy 



"•4K%^)-<i«'^''^^^'"(^i' ^'-''^ 



where 



H^ := Hm I ,_n • (2.69) 



\u=0 
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This follows from the following formulae [Kul]: 

5H2m 



Sh 







5h 



Su 



u=0 






d 



du 



{hd+dh){^-^]+d'^^^ 



d 



d 



SK 



u=0 
SHjn+2 
6h 



m+2 



5u 



[2{hd + dh)+d 



[2{hd + dh) + d^' 



Sh J \ du 

6Hr 



u=0 



u=0 
U 



dh 
dHm 



5u 



+ {h'd + dh') 



5(1) 



SHm/Su 



u=0 

d\ / 5Hm+i/Su 



5Hrr 

~5h 



hj^ \6Hm/Sh/ \d 0/ \6H^+i/6h 

Thus, when 

m = 2n + 1, n E Z_|_ 

from formulae (2.71), (2.70a), we get 

■ SH2n+2 . 



Ut 



ii=o oh 







M = 



(2.70a) 
(2.70b) 

(2.70c) 

(2.70d) 

(2.70e) 

(2.71) 
(2.72) 

(2.73) 



so that {u = 0} is indeed an invariant submanifold. From formulae (2.71) and (2.70b,c) 
we obtain 



h^ 



^d 



M = 



5H' 



2n+2 



5u 



u=0 



2 I 5h 



which is eq. (2.68). 

Similar results can be derived for the nonabelian integrable systems of the pre- 
ceding subsection. 



Theorem 2.3. (i) The g-niDWW system 

U\ /-2[U, ]+dl \ 

-[V, 



V 



¥^ 



fd/dV\ 

_ $(l)(^2n+i: 

\6/5Vj 



(2.74) 
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has the invariant suhmanifold defined by 



U = 



on which it becomes 



V,t=(-[V, ]-^ai)i($(l)(^2n+l)) . 



(a) The map $(i) on the submanifold {U = 0}; 



$(i)(/i):=$(i)(/i)|^^„=^V-VV 



(2.75) 



(2.76) 



(2.77) 



is a Hamiltonian map into the second Hamiltonian structure of the KdV hierarchy 
(2.68): 

(2.78) 



h, = {hd + dh+\dH^^^ 



Proof, (i) By formulae (2.50) and (2.46) 

5$(l)(if2n+l 



5\J 

[by (2.70b)] 
[by (2.70a)] 
Hence, from (2.74), 



e'^J^-^^^^^-ld^^^^-^' 



u=o 



^'\~^^ 2 

1 SH2n+2 



5h 



u=0 



''^^l Sh 
^*$(i)(0) = 0. 



(2.79) 



d 



d^m{H2n+i) 



u=o 



5U 







(2.80) 



u=o/ 



so that U = indeed defines an invariant submanifold. 
(ii) From formulae (2.50) and (2.52) we have 



5$(i)(if2n+l) _ 6^l{H2n+l) 



SV 



dV 



-(^a + 2V)$ 



u=o 



(1) 



dH 



2n+l 



5h 



(2.81) 



since letting U vanish does not interfere with taking variational derivatives with respect 
to V. Hence, from the second row of formula (2.74) we conclude that 
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which is (2.76). Then a computation similar to the one at the end of subsection 2a 
shows that 

$(1) {hd + dh + \d^^ = D [$(i)(/i)] (^-[V, ] - lai^ {i^[$(i)(/i)]}t . (2.82) 



D 



It foUows from Theorem 2.2 that condition (2.75) picks out the flows of eq. (2.76), 
which are the g-mKdV flows constructed in [Ku2]. 

The problem of specialization is slightly different for the g-m^DWW hierarchy, 
defined by 

v\ ( -[u, ] + ai\ (5/5\j\ 

Uio){'Hm) . (2.83) 

Vy^ V-[U, ]+dl -[V, ] / \6/6w) 

To begin with, the hierarchy related to it by the map $(o) : 

'u\ I du-d'^\ fd/5u\ 

{-Hm) (2.84) 

h)^ \ud + d^ hd + dhj \5/5h/ 

has an invariant submanifold defined by 

u + 2h^0 (2.85) 

for all m = l(mod 2). This follows from the equality 

— = 2 — ; on {u + 2h^0\. (2.86) 

dh bu 

(see [R]). Fixing n and defining 

^n := ^^ , (2.87) 

we obtain from formula (2.62) that on the submanifold defined by 



r:=d*(U + 2V') + 2U*V = , (2. 
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which is the image under the homomorphism $(o) (2.43a,b) of the invariant submanifold 
determined by -u + 2/i = 0, we have 



J$(0)(7^2n+i: 

6V 
6V 



r=o 



r=o 



Xn{0 + 2V) 



2XnU - 2X'e . 



(2.89a) 
(2.89b) 



Hence, on the submanifold defined by F = 0, our g-m^DWW system (2.83) becomes 



Vt = 2x;^[u,d] + (2A',u - 2x;^ey 



(2.90a) 
(2.90b) 



Proposition 2.4. The flow determined by (2.90) leaves the submanifold defined by 
r = invariant. 



Proof. From (2.90a,b), we obtain 



Vt = 2Xj:' + AX'V 



(2.91) 
D 



Remark 2.3. The constraint F = in (2.88) is differential and cannot be resolved 
algebraically, except in the classical case when g = M^ and 6 — 1, resulting in the 
formula 



--ln(l + 2y) 



U = -{1 + 2V)-^V' ■■ 
so that one is dealing with the potential mKdV hierarchy, 



1, 



(2.92) 



2d. Integrable Systems on T*G 

From formula (l.lOd) for the vector field Xh of the Hamiltonian H{g,n), the 
equations of motion may be expressed as 



B' 



^. 



SH 

Sg 

5H 
S/i 



(2.93) 



HAMILTONIAN GROUP ACTIONS ON T*G AND INTEGRABLE SYSTEMS 45 

where the Hamiltonian matrix B^ is 

/ Lg, \ 

B^ =\ , (2.94) 

\-Rl [iJ + kg-^g', .] + kdJ 

and the notation Lg^ and R* signifies left (resp. right) multiphcation of the g element ^ 
(resp. the T*G element ^) by g. The integrable commuting hierarchies constructed 
in the previous subsections generate commuting hierarchies on T*G by pulling back 
those on diff^'|^^ under the Poisson maps (1.76, 1.108) of Section 1. 

For the case (a) = (0), the commuting system of Hamiltonians is generated by 
{{J^^)*(j)(o-){nn)}. Forn = 1, by formula (2.58), we have $(o)(|Hi) = $(o)(/i) ~ U*V. 
Since, by formula (1.46), 

(J^^)*(U) = <7V (2.95a) 

{J^^y{V)=g^g-\ (2.95b) 



we find that 




A(j^^)*(U*V) = (V+ [^,<7-V]k-' (2.96a) 

dg 

|-(J^^)*(U*V) = <7-V, (2.96b) 

and the equations of motion (2.93), (2.94) yield 

(2.97) 

which is just the a-shift, as expected. For all the other Hamiltonians Tin, we let: 

5$(o)(Hn) =: a^5U + bi6V . (2.98) 

Thus, e.g., 0,2 and 62 are given by the components of the vector (2.63). Denoting 

an := (J''^)*(a.), b^ := (J^^)*(6n) , (2.99) 

we find that 

^{j''^r'^io)inn) = 9-'[9^^9-\K] - {g-'anY - g-'a^g'g-' 

^3 (2.100a) 

^(J^^)*$(o)(7^n) = g-^hng , (2.100b) 
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SO that the equations of motion on T*G for the Hamiltonian (J'^'^)*$(o)(^n) are 

g = bn9 (2.101a) 

fi = -{g-^ang)' . (2.101b) 

Next, consider the case (a) = (1). Here we get the infinite commuting hierarchy 
{(J^'^)*$(i)(ifn)}, where J^^ is given by formula (1.23): 

(J^«)*(U) = g^g-^ , tJ := ^U (2.102a) 

(J^«)*(V) = -/. + kg-'g' , fc = i . (2.102b) 

For the Hamiltonian Hi = h, we have from (2.42b) that ^(^i){Hi) ~ U U — V V, so 
that 

(5$(i)(if,) =: aiSV + biSV , (2.103) 

ai = 2U, 6i = -2V . (2.104) 

Denoting 

a. := (J^^)*(S„), 6n := (j'''')*(6n) , (2.105) 

from formulae (2.102a,b) we get 

^(4^^)*$(i)(i^0 = g-'[g^ig-\an] - k{Z + [g-'g'X])g-' , 

'^^ (2.106a) 

^(4^^)*$(i)(if,) = -6. + (7"'a„^ , (2.106b) 

and formula (2.93) yields the following Hamiltonian equations on T*G for the Hamil- 

tonian(4^^)*$(i)(i?^): 

g = ttng - gbn , (2.107a) 

A = k{g~^a^gy + [6^, fA + k[g~^g\ g~^a^g], k = i; ■ 

^ (2.107b) 

In particular for n = 1, substituting formulae (2.104) and (2.102a,b) in (2.107a,b), we 
get the cr-shift fiow, as expected. 
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2e. WZW Model [Wi, FT, H] 

For the 3-paranieter family of Hamiltonians on T*G 

H= [ai{iJ^,ij) + (^2{(^2,g~^g') + a2.{g~^g',g~^g')]da , (2.108) 

we have 

— = -{{2a^g-^g' + a2ij)' + [g'^g, a2ij\}g-^ (2.108a) 

og 

^ ^2aiiJ + a2g~^g . (2.108b) 

O/J, 

The corresponding equations of motion, by formula (2.93), are therefore 

g = 2aign + a2g' (2.109a) 

fi = {{2a3 + a2k)g~^g' + (02 + 2aik)fi}' + 2aik[g~^g', n] . 

(2.109b) 

Eliminating the momentum fi from these equations gives the second order system 

^ [g-^g) = {2a3 + \a2){g-^g')' + ^[g-'g,g-^g'] . (2.111) 



2ai ^^ V - 2 ^'^ ^' 2 

Hence, choosing 

«i = -T' "2 = -£, as = —, £ = ±1 , (2.112) 

we obtain the standard WZW system [Wi] 

{g-'gj - {g-'g'Y = e[g-'g. g-'g'] . (2.113) 

The Hamiltonian H in (2.108) for these choices of the parameters cti, a2, eta is: 

Hwzw = ^ / [(/"' /") + (-/" + %"^^'' -/« + %"^^')] ^^ , (2.114) 

which by formulae (2.102a,b), with k = ^ and £ = 1, is 



{r 



u*u 



+ vV 



rfcT , (2.115) 
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i.e., the pull back of the Hamiltonian 



H 



wzw 



+ V V) 



da 



(U*U + vV 



da 



(2.116) 



from (0 © 0)^*. The corresponding equations of motion on (5 © g)^* are, by formula 
(2.33), just the usual left and right translational modes 



U = U 



v = -v . 



(2.117a) 
(2.117b) 



Since the system (2.117a,b) has integrals of the form 



Fi(U)+F2(V) 



(2.118) 



with arbitrary cr-independent Hamiltonians Fi and F2, the WZW system (2.109) has 
an infinite number of integrals of the form 



Fiigfig ^)+F2{-fi+-g ^g') 



da 



(2.119) 



These integrals commute, for distinct pairs (Fi, F2) and (Fi, ^2), if (-P^i, Fi) and (F2, F2) 
separately do. Thus, we may choose them from any two commuting hierarchies on 
~A* ^]nQYe is a distinguished such hierarchy; namely, the nonabelian mKdV hierarchy 
[Ku2], obtained by pulling back the KdV integrals under the map $ of (2.27) with an 
arbitrary fixed 6 of length 1 : 



$(/in) =: h 



e 



(2.120) 



Hence, we have the doubly infinite commuting system on (g © 0)^* consisting of 

a a 

Hamiltonians of the form {/i^i(U) + h^iy)}. This, in turn, furnishes the KdV- 

generated doubly infinite commuting hierarchy of Hamiltonians on T*G of the form 
{h^^{gfig~^) + h^{—fj, + ^g~^g')}, which include the generator of the left-right trans- 
lational flow giving the WZW model as its flrst element. 
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